Among many modified gravity theories, the Chern-Simons modified gravity stands out as one of the few examples whose Dirichlet boundary problem has been well studied. Known solutions to this theory include the Schwarzschild black hole and a slowly rotating black hole. Making use of the Dirichlet boundary term of this theory, we calculate the late-time action growth rates of the Wheeler-DeWitt patch for the Schwarzschild and the slowly rotating solutions. In light of the conjecture of complexity/action duality, the result has implications on the quantum complexity of a state in the dual field theory.
I. INTRODUCTION
Ever since the end of the last century, the AdS/CFT duality has revealed more and more elegant connections between the boundary conformal field theory (CFT) and the gravity theory in the bulk asymptotic to the anti-de Sitter (AdS) spacetime. Recently, Ryu and Takayanagi proved that entanglement entropy of the quantum information on the boundary is equivalent to the area of the minimal codimension-two hypersurface that shares the same boundary of CFT interval [1] . The discovery showed the area, which is a bulk quantity, is deeply connected to the entanglement entropy, namely a CFT quantity.
Very recently, another series of popular hypotheses seem to have successfully described the connection between the complexity on the CFT side and some geometric quantities of a black hole on the bulk side. In the theory of quantum information, complexity is a quantity that describes the minimal quantum gates needed to construct a quantum state or equally, how difficult a computational task would be. In order to calculate the complexity from the bulk, Susskind et. al. proposed three mutually connected hypotheses, which are complexity/length (CL) duality [2] , complexity/volume (CV) duality [3] , and complexity/action (CA) duality [4, 5] . In these three hypotheses, the complexity respectively corresponds to the length of the Einstein-Rosen brige (ERB), the volume of ERB and the action of the Wheeler-DeWitt (WDW) patch, where the WDW patch is defined as the domain of the Cauchy surface anchored at the boundary state. Especially in the CA conjecture, the complexity C of a boundary state is related to the action S of the WDW patch in the bulk,
where is the reduced planck constant, and π is a dimensionless constant [4] which should not be mistaken for the circumference ratio.
In the literature, the complexity growth rates, or equivalently the action growth rates (AGRs) of the WDW patch for some typical black holes have been well studied [4] [5] [6] . For the Schwarzschild-AdS black hole, the AGR is
For the Reissner-Nordstrom (RN)-AdS black hole, it is
For rotating black holes such as the BTZ black hole and the Kerr-AdS black hole, they are both of the form
The quantities with subscripts ± are evaluated on the outer/innner horizon. * Electronic address: twang@phy.ecnu.edu.cn
So far there two popular schemes to calculate the AGR of the WDW patch in the literature. Brown, Roberts, Susskind, Swingle and Zhao (BRSSZ) [4, 5] first achieved the correct result by directly integrating the bulk action inside the black hole and the boundary action on the horizon in the Einstein gravity. This scheme also turned out to be very convenient to calculate the AGR of black holes in other gravity theories [6] [7] [8] [9] [10] . Later in Refs. [11] , Lehner, Myers, Poisson and Sorkin (LMPS) pointed out that the boundary term, which is relegated to the York-Gibbons-Hawking (YGH) surface action in the BRSSZ scheme, is much trickier than one expected previously. In principle, the contributions from spacelike, timelike and null hypersurfaces and their corners should be computed separately. In practice, after cancellations in pairs, only double-null corner terms survive. In the LMPS scheme [11] , they summed up the bulk term, corner terms and surface terms after carefully studying the WDW patch in the Penrose diagram. This scheme was further developed in Refs. [12] [13] [14] . Miraculously, in several typical examples, the two schemes yield exactly the same final results [11] . Following the LMPS scheme, lots of other examples of the AGR of black holes have been worked out, see Refs. [15] [16] [17] [18] [19] [20] [21] [22] as a partial list.
The Einstein gravity has been well tested in many circumstances. However, it remains yet to be verified in the non-linear, dynamically strong-curvature or strong-field regime. Among many modified gravity theories, the Chern-Simons (CS) modified gravity [23, 24] stands out as one of the few examples whose Dirichlet boundary problem has been well studied [25] . By this advantage, we can study it explicitly in many scenarios, e.g. the membrane paradigm of black holes [26] [27] [28] . Stimulated by the LIGO observational results [29] , the CS modified gravity has attracted reviving interests recently [30] [31] [32] [33] .
In this work, we will calculate the AGRs of black holes in the CS modified gravity, including the Schwarzschild-AdS black hole and a slowly-rotating black hole solution discovered by Yagi [34] . As a very quick warmup, we will recall the AGRs of the Schwarzschild-AdS and Kerr-AdS black holes in section II A, and collect the bulk and Dirichlet boundary terms of action in the CS modified gravity in section II B. In section III, the AGR of Schwarzschild-AdS black holes in CS modified gravity will be calculated in both the BRSSZ and the LMPS schemes. For the slowly rotating black hole [34] in CS modified gravity, its AGR of will be calculated in section IV and confronted against the Schwarzschild and Kerr black holes in Einstein gravity. Further discussions and open problems will be presented in section V.
Throughout this paper we will follow the convention of notations in Ref. [34] , setting G N = = c = 1 and κ g = (16π) −1 .
II. QUICK WARMUP

A. AGR of black holes in Einstein gravity
The full action of a black hole consists of not only the bulk term but also the boundary term,
This is because the variation of the action should vanish according to the principle of least action. And it is natural that an extra boundary term would occur in the variation of action. To eliminate this unwanted term, the Dirichlet condition should be imposed on an appropriate boundary to address the problem. In Einstein gravity with the cosmological constant Λ = −3/L 2 , the bulk term is the Einstein-Hilbert action
and the boundary term is the well-known YGH term
where K is the trace of the extrinsic curvature K µν of the 3-dimensional boundary Σ, and h is the determinant of the induced metric on the boundary. It has been well studied that for a D-dimensional Schwarzschild-AdS black hole, the AGR is precisely [4, 5] 
where r h is the event horizon radius of the Schwarzschild-AdS black hole. In the L → ∞ limit, it takes the form
Also, the result for Kerr-AdS black hole has been carried out in Ref. [6] ,
where r ± stands for the radius of inner or outer horizon of the black hole. In this case, we have
with the spin parameter a = J/M . In the limit L → ∞, the Kerr-AdS metric reduces to
while ∆ and Σ tend to
The above results are obtained earlier in Refs. [4] [5] [6] using the BRSSZ scheme. Later in Ref. [11] , Lehner et. al. confirmed these results using the LMPS scheme. It is less appreciated that, in order to get the Schwarzschild limit of Eq. (11), one should take firstly a = 0 and then r − = 0.
B. Bulk and boundary terms in CS modified gravity
In the CS modified Gravity, the bulk integral comprises the Einstein-Hilbert and the CS term [23] ,
where the Chern-Pontryagin density is defined as
The boundary term is given by the YGH term plus the Grumiller-Mann-McNees (GMM) term [25] ,
where n µ is the normal vector near the event horizon, and θ CS is the CS coupling. For a spacelike normal vector n µ , which is taken to point outwards, the hypersurface Σ is timelike. Then we define the induced metric
as will be done in subsection III A. Contrarily, as will be the case in section IV, a timelike normal vector n µ in the boundary terms should point inwards [4] , and the induced metric of the spacelike hypersurface Σ is defined as
If one treats θ CS as a dynamical field, the full action will also involve its kinetic and potential terms, see equation (49). In this paper, we will work in the non-dynamical framework in section III, and dynamical in section IV.
III. AGR OF SCHWARZSCHILD BLACK HOLES IN CS MODIFIED GRAVITY
Finding exact solutions of CS modified is difficult. Fortunately, Campbell et. al. first showed, in the context of string theory, both the Schwarzschild and the FRW spacetime can lead to an exact CS three-form where the modified field equations are not affected [36] . Later in Ref. [23] , Jackiw and Pi proved that, with a canonical choice of the CS scalar, the Schwarzschild spacetime remains a solution of the non-dynamical modified theory. For an extensive discussion on exact vacuum solutions of the CS modified gravity, the reader can refer to Ref. [24] .
It is straightforward to check that the metric of the Schwarzschild-AdS black hole
satisfies the field equations of non-dynamical CS modified gravity. Therefore, in this section, we will work in the non-dynamical framework and calculate the AGR of the Schwarzschild-AdS black hole. Remind that the AGR involves not only the metric of spacetime but also the gravitational term in the action of gravity theory. Although the Schwarzschild-AdS black hole in CS modified gravity has the same form as that in the Einstein gravity, we should scrutinize potential contributions from additional terms S CS and S bCS in the action.
In the rest of this section, we will calculate the AGR of the Schwarzschild-AdS black holes in the CS modified gravity by applying two different schemes mentioned above. In subsection III A, following the BRSSZ scheme, we will calculate the bulk and boundary terms and then add them together to get the total AGR. In subsection III B, we will use the LMPS scheme to compute the corner and surface terms instead of boundary terms. Note that the two schemes share the equivalent bulk terms. As we will see in the end, the two schemes yield exactly the same result.
A. The BRSSZ scheme
In this subsection, we will apply the BRSSZ scheme [4, 5] to the Schwarzschild-AdS black hole in the CS modified gravity. Following this scheme, we will directly calculate the Einstein-Hilbert action, the Chern-Pontryagin density term, the YGH term and the GMM term separately, and then assemble them together. To keep some generality, we will start with a general spherical black hole characterized by two functions f 1 (r) and f 2 (r). But finally we will set them to the special form (31) , yielding the result for the Schwarzschild-AdS black hole.
In general, the metric of a spherically symmetric static black hole has the form
The location of horizon/horizons is dictated by f 1 (r) = 0. The radius of outer horizon will be represented by r + . The radius of inner horizon, if it exists, will be denoted by r − . Corresponding to the above metric, the Ricci scalar is
On each timelike hypersurface with constant r near the horizon r = r ± , the induced metric can be defined as Eq. (17), where the spacelike normal vector n µ = 0, 1/f 2 , 0, 0 . We can thus easily calculate the determinant of induced metric
and the trace of extrinsic curvature
Armed with the above geometric setup, we are now ready to compute the AGR of the Schwarzschild-AdS black hole. The Einstein-Hilbert term is
One can also find out that for the spherical spacetime (20) , the Chern-Pontryagin density vanishes,
That means the CS term in the action is simply zero,
On the boundary, the YGH term is
Just like the Chern-Pontryagin density, the boundary integrand of CS modified gravity n µ ǫ µνρσ K δ ν ∇ ρ K σδ is also trivial, which again gives us another vanishing term in the action,
At this point, we can assemble them together. The bulk term is
while the boundary term is naively
After summation and simplification, we obtain the total AGR
For Schwarzschild-AdS black holes,
the above expression of AGR reduces to
coinciding with the result in the Einstein gravity. The conclusion can be made more general. We have demonstrated that, both δS CS and δS bCS vanish for the metric (20) . In other words, compared with the Einstein gravity, the potential new contributions to the AGR in the CS modified gravity vanish for the bulk term and the boundary term separately. This result is robust for any spherically symmetrical spacetime in non-dynamical CS modified gravity, including the Reissner-Nordström black hole, etc. Figure 1 . The WDW patch of a Schwarzschild-AdS black hole. As illustrated, as time evolves from t0 to t0 + δt, the action growth is given by S1 and S2 in two subregions. They are bounded by several null boundaries such as v = t0, v = t0 + δt, u = t0, u = t0 + δt, u = t1 and a spacelike boundary Σ, where t1 is the time coordinate of C1 and C2. As shown by the blue dashed curves, we should apply a cut-off r = rmin near the singularity and r = rmax near the asymptotic AdS boundaries.
B. The LMPS scheme
In the Einstein gravity, as pointed out in Ref. [11] and refined in Refs. [12] [13] [14] , the contribution of corner terms of the null joints on the boundary of WDW patch should also be considered when calculating the AGR due to the time evolution. The same logic ought to be valid for other gravity theories. Following this logic, in a recent paper [19] , Jiang and Zhang systematically derived the corner terms and surface terms on any non-smooth boundary in the f (R abcd , g ab ) gravity. Fortunately, their results are applicable to the CS modified gravity considered in the present paper. In this subsection, we will follow Refs. [11] [12] [13] [14] 19] and calculate the corner term as well as the surface term of Schwarzschild-AdS black holes in the WDW patch.
Before going to the Schwarzschild-AdS black holes, let us consider a subcase of the metric (20) , in which 1/f 2 = f 1 ≡ f (r), that is
For simplicity, we will focus on the situation with a single horizon, which means equation f (r) = 0 has only one positive root r = r + . The Penrose diagram of the WDW patch of spherically symmetric black hole with a single horizon (Schwarzschild-AdS black hole) is shown in Fig. 1 . During the time interval [t 0 , t 0 + δt], the growth of action can be expressed as δS = S(t 0 + δt, t 1 ) − S(t 0 , t 1 ). As we can see in this figure, the corner terms arise from two double-null joints located at r = r 1 and r = r 2 which are denoted by C 1 and C 2 respectively.
For the subcase 1/f 2 = f 1 = f (r), the bulk term in the LMPS scheme has a form similar to Eq. (28),
In order to derive the corner term and the surface term, we have to rearrange the bulk action in the form
and work out the auxiliary fields ψ abcd , ϕ abcd . Here ψ abcd and ϕ abcd have the same symmetries in indices as the Riemann tensor R abcd , while the Lagrangian density of the CS modified gravity is
The variation of action (35) is
Recalling Eq. (2.7) in Ref. [19] ,
after imposing the equations of motion E abcd ψ = 0 and E abcd ϕ = 0, we find the two auxiliary fields take the form
For the CS modified gravity, the auxiliary field ψ abcd in Eq. (39) can be calculated straightforwardly,
To proceed, we should also calculate the scalar
where k a and l a are two null vectors. They are respectively normal to and along the null boundary of the WDW patch, satisfying l a l a = 0 and k a l a = −1. It can be checked that the second term in Eq. (41) is actually vanished for the metric (33), which meansΨ
To follow the convention of [19] , it is convenient to choose k 1a = ∂ a u and k 2a = ∂ a v, where u = t+r * (r) and v = t−r * (r) is the ingoing and outgoing Eddington coordinate with r * = f −1 dr. In fact, k 1 is the normal vector of hypersurfaces u = const, and k 1 is the normal vector of hypersurfaces v = const. With this choice, we have
As shown in Fig. 1 , the evolution of the WDW patch involves five null hypersurfaces u = t 1 , u = t 0 , u = t 0 + δt, v = t 0 , v = t 0 + δt. Their intersections give rise to the so-called corner terms in the full action. Following Ref. [19] , the corner term of WDW patch is
Most of such terms have cancelled with each other. By inserting (42), (43) into (44), and taking the difference between corner terms at C 1 and C 2 , we get the net contribution from the corner terms
Here we have used δr = r 1 − r 2 = − 1 2 f (r 1 )δt. According to Ref. [19] , the surface term can be written as
where we have applied the cut-off r min → 0.
Specifically, for the Schwarzschild-AdS spacetime
we can compute the bulk term, the corner term and the surface term, and then sum them up to get the AGR
This result coincides with the final equation in section III A. This does not surprise us, because in all worked examples in the Einstein gravity, the BRSSZ scheme and the LMPS scheme yield exactly the same final results [11] .
IV. AGR OF SLOWLY ROTATING CS BLACK HOLES
So far we have discussed the AGR of spherically symmetric solutions in the non-dynamical CS modified gravity. Boringly, in all these examples, the AGR is not modified by the CS term and related terms. So we would like to turn to a nontrivial example. A good candidate is the slowly rotating black hole in the dynamical CS modified gravity. In Ref. [34] , such a black hole has been derived perturbatively to the quadratic order in the angular momentum. In section IV A, we will briefly review this black hole solution in the dynamical CS modified gravity. In section IV B, we will utilize the BRSSZ scheme to compute its AGR. The final result will be different from but consistent with that of the Kerr-AdS black holes in the Einstein gravity.
A. Brief review of slowly rotating CS black holes
From now on, we shift from the non-dynamical CS modified gravity to the dynamical one. The action of the dynamical CS modified gravity is slightly more complicated than that in subsection II B,
where θ CS is a scalar field and α, β are two coupling constants. In this paper, it suffices to restrict our discussion to the case V (θ CS ) = 0, which is correct for both spherical black holes [24] and slowly rotating black holes [34] . By making θ CS and β dimensionless and α to have the dimension of (length) 2 , the solution of the scalar field is [34] 1
where M is the mass of the black hole and χ = a/M is a dimensionless spin parameter. In terms of another dimensionless parameter ζ = α 2 /(κ g βM 4 ), to the second order of χ, the metric of a slowly rotating black hole in the CS modified gravity can be written as [34] 
B. Action Growth Rate
In this subsection, we will implement the BRSSZ scheme to compute the growth rate of the action (49) for the metric (51). The procedure is parallel to Section III A, except for that we now have to take into account the kinetic term of scalar field θ CS . In the final expression of AGR, we will neglect terms of O(χ 6 ) and α 2 O(χ 4 ), etc. Since the metric (51) makes sense only in the limit of small α and small χ, it is legitimate for us to neglect high-order terms. In accordance with this approximation, we will only present terms of appropriate orders in the intermediate results such as the Ricci scalar, the Chern-Pontryagin density, and so on.
Starting with the metric (51), we can calculate the Ricci scalar
in which the lowest order term is of O(α 2 χ 2 ), and the Chern-Pontryagin density
The kinetic term of scalar field θ CS is
In this subsection, ellipses denote the higher order terms in every equation.
In the current case, we introduce a spacelike hypersurface slightly inside the outer horizon and a hypersurface slightly outside the inner horizon. They are normal to the vector n µ = (0, −1/ √ −g rr , 0, 0) pointing inwards. On each hypersurface, the induced metric has the determinant
the GMM term is proportional to
and the trace of the extrinsic curvature is given by
After a lengthy but straightforward computation, we find the AGR is nontrivial
It is the main result of this section. To check and understand this result, it is helpful to incarnate it in two special cases. One is the case with χ = 0, and the other α = 0.
In the special case χ = 0, the metric (51) reduces to the Schwarzschild solution. Setting χ = 0 in Eq. (50) and inserting it into the action (49), we arrive at the Einstein-Hilbert action supplemented with the YGH term. Therefore, this case corresponds to the Schwarzschild black hole in the Einstein gravity, and the AGR should be confronted with Eq. (2). Indeed, as we take firstly χ = 0 and secondly r − = 0, the expression (65) is consistent with Eq. (2).
In the other case α = 0, the metric (51) reduces to the Kerr solution, and the action (49) goes back to the Einstein gravity. In this special case, the AGR (65) is simplified to the form
For comparison, let us take a closer look at the AGR of slowly rotating Kerr black holes in the Einstein gravity. Making use of the formula
we are able to expand Eq. (11) in the slowly rotating limit as 
where we have omitted higher order terms and set the cosmological constant to zero. This equation represents the AGR of slowly rotating Kerr black holes in the Einstein gravity. Recall that Eq. (66) is the α = 0 limit of the AGR of slowly rotating black holes in the CS modified gravity. They agree with each other very well.
V. DISCUSSION
In this paper, we have calculated the AGRs of the WDW patches for the Schwarzschild-AdS black hole in the non-dynamical CS modified gravity and the slowly rotating black hole [34] in the dynamical CS modified gravity. The CS modified gravitational action is supplemented with the YGH and GMM boundary terms [25] . The AGR of the Schwarzschild-AdS black hole was calculated in both the BRSSZ scheme [4, 5] and the LMPS scheme [11] , giving the same result dS/dt = 2M . The AGR of the slowly rotating black hole was calculated only in the BRSSZ scheme [4, 5] , yielding the result (65). Our study is motivated by the CA duality conjecture [4, 5] Eq. (1), which relates the AGRs to the growth rates of quantum complexity of s'tates in the dual field theory after the scrambling but before the recurrence. In connection with our results, there are three open problems left as follows.
First, when different gravity theories share the same black hole solution, we are not sure whether the AGRs are the same. In both the CL [2] and CV [3] duality conjectures, the holographic complexity is determined soly by the metric of spacetime. In the CA duality conjecture [4, 5] , the AGR involves not only the metric of spacetime but also the action of gravity theory. Therefore, in principle, the CA duality may lead to different holographic complexities for the same solution in different gravitational theories. This provides us with an interesting diagnostic test for the CA duality conjecture. Our study shows that, for the Schwarzschild-AdS black holes in the Einstein gravity and the CS modified gravity, the AGRs are the same and the CA duality passed the test. However, it remains to be seen if the CA duality can always pass this diagnostic test in different cases.
Second, it is unclear if the sufferings in taking the Schwarzschild limit of the AGRs indicate some inconsistency of the CA duality in its present formulation. In the main text, we advocated taking the Schwarzschild limit of the AGR of rotating black holes by setting firstly χ = 0 and then r − = 0. Instead, if one had expressed r − in terms of the spin parameter, inserted it into Eq. (11) or (65) and then taken χ = 0, one would have failed in achieving the Schwarzschild limit. Especially, Eqs. (65) and (68) would have been divergent. Third, it is important to find the exact solution of rotating black holes in the CS modified gravity with a cosmological constant. Our study of the rotating black holes has been restricted to the small-spin regime without a cosmological constant. In the first line of Eq. (65), which is sourced by ds 2 K in Eq. (51), we have deliberately omitted terms higher than O(χ 4 ). It is expectable that this line can be replaced by the right hand side of Eq. (11), and, for the exact rotating solution to the CS modified gravity, the full form of Eq. (65) will no longer be divergent in the aforementioned limit.
